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Introduction
Control charts, the most important Statistical Process control tools, are e ective control techniques that explicitly monitor process characteristics in order to maintain the process statistically controlled; using the statistical process control enables users to estimate the process parameters.
High-quality or high-yield processes refer to those production or transactional processes that are capable of producing very low levels of non-conforming fraction. Zhang et al. [1] emphasized that modern manufacturing industries are high-quality processes because of various e orts such as wide automation and deployment of e ective quality management methodologies or strate-gies. Bersimis et al. [2] expressed that if a small or moderate shift occurs in these processes, then the outof-control non-conforming fraction items will still be very small; therefore, it is highly probable that no defective item will be observed in the inspected sample. Therefore, for small or moderate shifts, standard p or np charts fail to diagnose a change in a high-quality process.
The idea behind the CCC (Cumulative Count of Conforming) control chart, rst developed by Calvin [3] to monitor high-quality processes, is based on geometric distribution; the number of conforming items between two consecutive nonconforming ones changes when the nonconforming fraction shifts. Khilare and Shirka [4] argued about m-of-m control chart based on cumulative count of conforming units for high-yield processes. They compared performance of the m-of-m control chart with control chart based on cumulative count of conforming units. Chen et al. [5] presented a CCC chart with variable sampling intervals and control limits. Amiri and Khosravi [6] provided a maximum likelihood estimator for the change point of the nonconforming level in the highquality process with a linear trend. Ahmadi and Fallahnezhad [7, 8] presented an acceptance-sampling plan based on cumulative count of conforming using minimum angle method. In addition, they compared count of cumulative conforming sampling plans with Dodge-Romig single sampling plan. Their method had better performance in most of the cases. AcostaMejia [9] explained that since the geometric probability function is highly asymmetric; thus, this chart is not very sensitive to signaling small to moderate increases in the nonconforming proportion, p.
An alternative strategy to rising sensitivity of charts is to monitor the cumulative count of items produced until a xed number \r" of nonconforming items are observed. A chart on this basis, called CCCr chart, has a better performance in nding the shifts of nonconforming proportion in high-quality processes. It is well known that this number will follow the Negative Binomial distribution, which is a generalization of the Geometric distribution. The idea of CCC-r control chart was proposed by Xie et al. [10] .
For the e cient use of control charts, the appropriate sample size, sampling frequency, and control limits must be selected before the application of the classical control methods. The procedure of selecting these parameters is dependent on the control charts design. For the CCC-r chart, determining r can be considered a subjective issue, and this is similar to the case of sample size in classical ones. By increasing xed number r, sensitivity and capability of charts increase; thus, parameters' determination has a signi cant e ect on charts' e ciency.
By nding essential parameters in chart, the process would be in a controllable and consolidate situation. Yilmaz and Burnak [11] discussed that cost consideration is always important in industry and any related activities should be put into the context of cost saving to improve pro tability. To use control chart in practice, economic factors can be taken into account for designing control chart. From the economic perspective of control chart design, costs, such as those related to sampling, testing, investigating out of control signals, eliminating special cases, and sending defective products to the customer, are a ected by design of control charts.
Ohta et al. [12] proposed an economic model to determine the optimal parameters of a CCC-r chart: r, the sampling interval, and the lower control limit. Chan et al. [13] presented a two-stage CCC-r control scheme inspired by double sampling plans to detect the upward shift of non-conforming fraction. An economic model was then proposed to choose the design parameters at each stage. The Average Number of Inspected items (ANI) is an alternative performance metric for control charts, and it is de ned as the expected number of inspected items before the chart signals an alarm. Chen [14] extended a procedure to obtain the control limits with near maximal ANI 0 and the near-unbiased ANI 0 to use this index as performance criterion for charts and determining control limits. There are numerous studies dedicated to the economic design of control charts. Duncan [15] was the rst who studied the economic design of control charts, and Lorenzen and Vance [16] generalized the original model proposed by Duncan and made the model directly applicable to many types of control charts. Lorenzen and Vance's new modeling approach considers whether production continues while special causes are being investigated and the process is being adjusted. Mortarino [17] performed a sensitivity analysis for the cost parameters and analyzed the behavior of optimal solutions of Duncan's model in the X-control chart. Celano et al. [18] investigated the economic design of a Shewhart control chart to monitor the process mean in a short production run. Zhang et al. [19] discussed that the economic design of control chart aims to maximize the pro t (or minimizing the cost) associated with implementation of the SPC scheme in a process and presented the economic design of a control chart. Kudo et al. [20] proposed an economic design of a dynamic CCC-r chart with time-varying parameters. They explained a process control method for a Weibull distributed-shock model and determined the initial values and dynamic decision rules for the time-varying parameters of the CCC-r chart, that is, the required number of nonconforming observations r, the sampling interval, h, and the Lower Control Limit (LCL) maximizing the expected pro t per unit time derived from the process. Sherbaf Moghaddam et al. [21] developed a multi-objective model for the economic-statistical design of the CCC control chart. Then, multi-objective evolutionary algorithm (NSGA-II) is proposed for obtaining the Pareto optimal solutions. The results showed that the proposed multiobjective model could address the disadvantages of the economic model. In other words, multi-objective economic-statistical design of the CCC control chart is better than that of the economical one.
It is important to design the appropriate control chart in order to prepare high-quality production and maintain the process in an ideal situation with pro table production. The purpose of this model is to present an economic model for a production cycle that minimizes the expected average cost per produced item. The proposed model is studied on two-sided CCC-r chart, and upper and lower control limits can be determined as decision variables separately; most of models in the literature have been proposed for one-sided charts and have only examined lower control limit.
Even though Duncan or Lorenzen-Vence objective functions [15, 16] are used to optimize the average cost or net pro t per unit time in most of previous studies, our proposed objective function will optimize the average cost per \item produced" which is more practical in high-yield processes. Because of the high production rate per unit time in these situations, the average cost is decreased, which is the most important interest of producers. Thus, the study on expected process control costs per produced item is more appropriate due to minimizing expected average cost in a cycle along with high rate of production. In addition, this model speci es the optimal value of r parameter in di erent modes of nonconforming proportion, and a sensitivity analysis is on nonconforming fractions in this economic model. To increase the ability of model in process statistical studies, two constraints are considered based on acceptable false alarm probability (Type I error) and observing process as in control, while the process is actually out of control (Type II error). These constraints limit the feasible solution space, so that the decision variables are determined more accurately, and the economic model is modi ed to an economic-statistical one, which is one of the advantages of the proposed model in high-quality processes. Although ARL is used in most of economic models as performance index. But, for more accurate optimization, ANI, or Average Number of Inspected, item is used as performance measure in this model to determine chart parameters, containing more information about the process because it counts the number of inspected items and is more reliable for high yield processes.
In section two of the paper, the formulation of CCC-r charts and economic model will be reviewed, and statement of problem is discussed completely. In Section 3, a numerical example will be given to explain and analyze the model in practice. Section 4 is the conclusion section.
Problem statement formulation 2.1. Review of CCC-r chart
The idea of CCC chart can be extended to process monitoring by considering the number of inspected items until a xed number of nonconforming items are observed. One such control chart is called the cumulative count of conforming chart (CCC-r chart). In a CCC-r chart, the number of items until the rth nonconforming item (x) is plotted to monitor p 2 (0; 1), the nonconforming fraction of the process. Let r be a xed positive integer, x is then a random variable of negative binomial distribution with the probability mass function (pmf) and the cumulative distribution function (cdf) as follows: As is clear from the above equations, the control limits of the CCC-r chart will be increased when the process of nonconforming fraction, p, approaches zero. The control limits of the CCC-r charts with a large r parameter are much larger than the small r parameter for the same value of p.
Researchers often apply Average Run Length (ARL) index to their analysis, which denotes the average number of the sample taken before a process change is detected. Likewise, we can de ne ARL as average number of points plotted on the chart between two successive alarm signals as discussed by Chan et al. [13] and Chen et al. [14] :
Let k(p) = p (not having any signal while detecting rth nonconforming item j the fraction nonconforming of the process is p):
In the following, we try to determine the optimal value of LCL, UCL, and r parameter with respect to economic considerations where LCL and UCL are the lower and upper control limits, respectively. Concerning Chen et al. [14] , ANI can be approximately calculated as:
where r p is the mean value of negative binomial distribution with parameters r and p.
From an economic point of view, there is an optimal choice of parameters, which minimizes the expected total cost in control chart. In the following, an economic model will be formulated to minimize the expected total cost.
Cost model
Chan et al. [13] , inspired by the idea of double-sampling procedures in acceptance sampling, proposed a twostage CCC-chart in order to improve one stage CCCchart. They proposed economic model to calculate the optimal values of probabilities of false alarm set at the rst and second stages of two-stage CCC-chart, so that an expected total cost can be minimized.
The proposed model in this paper is based on the economic model of Chan et al. [13] in order to monitor process with low nonconforming fraction. The economic model is used to determine both chart's control limits and r parameter. In addition, the sensitivity analysis is examined for cost and process parameters in two states, with and without de ning constraints, which has not been addressed in Chan's model. 2.2.1. Assumptions 1. The process starts with a target nonconforming fraction p 0 . At any moment, after the process has been started and prior to the production of the rst item, or at any instant between productions of two consecutive items, one or more assignable causes will occur with probability , which will cause the nonconforming fraction, p, of the process to jump from p 0 value to a larger value p 1 . Consequently, the probability for this jump to occur immediately before the ith produced item is:
Such a jump, p, will not occur if there are no assignable causes, and will not occur during investigation of the process; 2. An item is inspected immediately after it has been produced, and the inspection always correctly reveals whether the item is conforming or nonconforming. All the nonconforming items are reworked. The cost incurred in a reworked nonconforming item is C rw ;
3. When a signal for out of control appears on the chart, then the investigation of the process will be carried out. The cost required to carry out an investigation is C inv ;
4. An investigation will be completed within a xed period. During the period of an investigation, production will be continued, and N items will be produced. During this period, if nonconforming items are produced and out-of-control signals are observed on the control chart, then there will not be additional investigations, since investigation is already carried out; 5. If no assignable cause is found at the end of an investigation, the signal for out of control that causes this investigation is a false alarm, and production will be continued; 6. When one or more assignable causes are found after an investigation is completed, then the process will be stopped and recti ed. The total cost incurred in this recti cation, including the cost due to the loss of production time, is C rec . After recti cation, p value will be restored to p 0 value, and production will be resumed. According to Figure 1 , the production cycle assumption is as follows. A target nonconforming fraction, p, jumps from p 0 to p 1 after (i 1)th item has been inspected immediately, including ith item; j items are produced altogether until a signal for out of control occurs. The small dots \..." represent inspection of items, the circle \ " denotes occurrence of a nonconforming item which does not give an out-ofcontrol signal, the heavy dot \ " denotes occurrence of a nonconforming item which gives an out-ofcontrol signal, and the star \ " indicates the start of an investigation. Figure 1 shows that during the period of investigation, N items are produced. With regard to Figure 1 , production cycle can be speci ed now, and we can design the economic model based on production cycle; 7. Control charts allow practitioners to draw conclusions about the state of the process. These conclusions depend on whether the applied monitoring approach is in phase I or phase II of process control problem. In phase I, historical data of the process are analyzed to understand the variation of the process over time, to evaluate the process stability, and to estimate the in-control parameters. Figure 1 . Shifting of the process fraction nonconforming from p 0 to p 1 [13] .
In phase II, the process is monitored in real-time to detect shifts from the baseline established in phase I quickly. The use of control charts in phase I is usually iterative. Much work, process understanding, and process improvement are often required in the transition from phase I to phase II.
To measure the statistical performance of a control chart in applications of phase I, one considers the probability of any out-of-control signal in the chart to maintain a stable process. The false-alarm rate, for example, is the probability of at least one signal from the chart, given that the process is in statistical control with some assumed probability distributions. In phase II, the probability of a signal on any one sample is sometimes used if the successive statistical plotted are independent, as may be the case with a basic Shewhart-type chart. To interpret a chart in phase I, practitioners need to be aware that the probability of signals can vary considerably depending on the shape of the underlying distribution for a stable process, the degree of autocorrelation in the data, and the number of samples. Distributional and independent assumptions in theoretical studies of phase II should not be constructed as requirements in practical applications of the initial stages of phase I [23].
With respect to features of phase I and phase II discussed, the proposed model is used in phase II to monitor the process in real-time in order to detect out-of-control signals as soon as possible and consequently reduce the costs.
Notations
The following notations will be used in the formulation of the cost function for CCC-r chart in this paper: p 0
In-control non-conforming fraction p 1 Out Table 2 , for a numerical example. By concerning these notations, the optimization model is solved to minimize the objective function by determining the optimum value for decision variables.
Cost parameters
We recall from Eq. (2) that:
The di erent cost functions are de ned as follows:
1. The cost C I is required in order to investigate the process when out-of-control signals are appeared. The average number of out-of-control signals that occur during the rst (i 1) inspected items is equal to i 1 ANI(p0) . Out of these signals, only a fraction ANI(p0) ANI(p 0 )+N requires investigation. Because when an out-of-control signal is observed and investigation is carried out, there will not be any additional investigation even though some other out-of-control signals are prepared before the investigation is nished. Therefore, during the rst (i 1) inspected items, the average number of out-of-control signals that require investigation is i 1 ANI(p 0 )+N . After p has jumped from p 0 to p 1 , the jth inspected item shows an out-of-control signal which requires an investigation with cost C inv . Therefore:
and:
2. The cost C R is required to rework all the nonconforming items found in inspection: During the rst (i 1) inspected items, the nonconforming fraction of the process is p 0 . Therefore, out of these (i 1) inspected items, the average number of nonconforming items is (i 1)p 0 , and these nonconforming items require rework. Such a rework requires a cost:
The total number of produced items after (i 1)th inspected item and until the complete investigation is (j+N), and the expected number of nonconforming produced items is (j + N)p 1 . The expected cost required to rework all these items is:
where ANI(p 1 ) is the expected number of items produced before observing an alarm, and N is the expected number of items produced during investigation. Thus, the expected total cost of rework is:
3. The cost C rec is required to rectify the process when one or more assignable causes occur.
Objective function
The expected total cost in cycle is E(C I ) + E(C R ) + C rec . The total number of produced items in a production cycle is (i 1) + j + N, and its expected All the parameters are constant and by de ning a custom range for decision variable in the model, the optimal values are determined, so that all related costs per one item in production cycle could be minimized.
To better illustrate and examine the model, we will solve a numerical example in the next section.
Application of the model in an example
With respect to the de nition and assumptions in the cost model, we used visual basic to design a search procedure to nd the optimum value of control limits and r as decision variables according to their speci ed range in Table 1 . This method begins with the rst possible value of r, then LCL, and nally UCL values are selected in the speci ed intervals. These values are placed in objective. The UCL value is changed until all possible values in its range are examined while LCL and r values are xed. After considering all UCL values, next possible value for LCL with all possible values of UCL is examined while r is xed. When all possible combinations of UCL and LCL are checked, r is changed. By this method, all di erent combinations of decision variables, which are 2245 possible cases, will be investigated. Finally, the minimum value of objective function among these cases will be the optimum value. According to the cost and process parameters in the speci ed control chart, as is shown in Table 2 , the minimum of average cost per produced item is 7.047593396. This optimum value is achieved when r is equal to 3, lower control limit is equal to 4, and upper control limit is equal to 60. If the number of inspected items is less than 4, it is indicative of a problem in process, so that the nonconforming proportion is increased, and it is needed to examine the process for detecting assignable causes. Also, if the number of inspected items is more than 60, it indicates improvement in process quality.
Based on the result in Table 2 , it is clear that the optimal solutions are not practically suitable. The process will be stopped and examined when 3 nonconforming items are found among 4 inspected items. This result contradicts the assumption of high-quality processes. The reason for such problems is the ignoring of statistical features and risk constraints in the economic model. In the following sections, risk constraints will be added to the proposed model, and it attempts to make the model closer to the assumption of highquality processes.
In the next section, we survey optimal design parameters for di erent values of p 0 and p 1 , cost, and process parameters as denoted in Table 2 , which will change separately in each iteration.
3.1. Model sensitivity analysis 3.1.1. Sensitivity analysis of design parameters based on di erent p 0 and p 1 Table 3 provides the optimal solutions and minimum average cost per produced item in di erent scenarios of parameters. The optimal solutions and objective function have been calculated in each scenario.
Thus, Table 3 can be used to analyze the sensitivity of the model to the various parameters. With regard to the results, N and have a reverse result on objective value, so that in experiments where the di erences between p 0 and p 1 are low, the variation of objective function with respect to the variations of these parameters is little, but when the di erence between them becomes larger, decreasing the parameters N and leads to the further increase of objective function. In addition, N impact is much more.
Variations of objective function are directly related to all variation of cost parameters in the model. According to Table 3 , C rec and C rw have more impact on the objective function, but the relation C inv does not signi cantly change it. E ect of C rw and C rec on objective function is greater. As shown in Table 3 , increasing cost parameters leads larger lower control limit in each experiment. Furthermore, with a xed value of p 0 , the upper control limit decreases as the value of p 1 is increased.
Sensitivity analysis of design parameters based
on ANI in the process In this section, with regard to the acceptable false alarm probability (Type I error) and observing process as in control while the process is actually out of control (Type II error), optimal design parameters are determined by de ning the constraints for ANI in the cases that process is in control and out of control. With regard to the de nitions of and in statistical process control and equations related to process which have been de ned in the previous sections, two constraints on ANI based on and would be added to the model in each experiment. The constraints are de ned as follows: Eqs. (3) and (4) can be revised according to formulations and properties of CCC-r control chart, and they can be rewritten as the constraints ANI(p 0 ) 1 and ANI(p 1 ) 1 1 . Now, the feasible search space of the model becomes limited.
As shown in Table 4 , in Experiments 1 to 5, design parameters are changed clearly. Despite larger objective value in comparison with the results in Table 3 , the process identi es nonconforming items LCL, UCL, and r values, which are economically and statistically optimal and can be practically more useful. Thus, to modify the economic model to consider inspection errors, ANI needs to be changed.
Disscusion 2
The model is designed for high-quality processes, hence the values of p 0 = 0:001 and p 1 = 0:002 are investigated in the propesed model, as presented in Table 5 . In the previous parts, in order to elaborate on the application of model, some arbitarily values for p 0 and p 1 had been chosen to reach the optimal solution in a short and appropriate time, so that logical behavior of the model can be analyzed. The aim of this section is to implement model in real high-quality processes. The amounts of upper and lower control limits are detemined according to the related equations, which are described in problem statement, and for di erent values of parameter r in order to consider statistical control limits. Then, the optimal value of parameter r is chosen based on objective function of economic model. First, the determined LCL and UCL are substituted in the objective function, and the value of r parameter which minimizes the objective function is selected as optimal one. With regard to the applied method for determination of parameter r in Section 3, the model is optimized economically, and the desired statistical standards can be satis ed simultenously. As a result, inapplicable solutions for high-quality processes in Table 3 will be revised.
As shown in Table 5 , when r equals 2, the objective function will have optimum value where LCL = 54 and UCL = 8876.
Conclusion
In this paper, a detailed description of CCC control chart is examined, which is a convenient type of control chart for high-yield processes. With respect to CCC-r charts, or extension of CCC ones, an economic model based on ANI is developed in order to minimize the average cost per produced item in one production cycle and optimize decision parameters of control chart. Under di erent situations and assumptions of all related cost and defective fraction, di erent cost models were established, so that the optimal design parameters and objective value of the model were obtained in each experiment. The results of comparison study show that objective function and control limit enhancement are directly related to all cost parameters changes, but the number of all items produced in investigation period and assignable causes probability has an inverse relation with objective function. In addition, with a xed p 0 value, the upper control limit decreases as p 1 value increases. Next, it was shown that it is necessary to consider producer and consumer's risks in the economic model. Although by putting limits on ANI in the production process, the minimum average cost per item produced has been gotten larger, the parameters LCL, UCL and r would be closer to their values in practical. At the end, economically and statistically optimal design of the proposed method is discussed. 
